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The method of classical trajectories is applied for a double Morse potential modeling indirect 
reactive collisions of three collinear atoms. The system shows chaotic scattering, which is studied in 
details through a hierarchic analysis of the singularities of the time delay function. Tools of the 
thermodynamic formalism are used to extract global quantities characterizing the scattering process.

I. The Model

Our aim is to describe some properties of chemical 

reactions of the type A+ BC<-»ABC<->AB + C (e.g., 

CO + N <-»CNO <-»CN + O). We consider the classical 

motion of the nuclei in a smooth potential surface (a 

consequence of the Born-Oppenheimer approxima­

tion), assuming also a collinear configuration (Fig. 1)

rn

Fig. 1. The collinear configuration with local coordinates rn 
and r,,.

and neglecting interaction between the atoms A and 

C. By introducing relative (local) coordinates 

rn = lrA~rßl> ri2 = lrc —rßl and their conjugate mo­
menta Pn, P12, and by eliminating center-of-mass mo­
tion, we obtain a Hamiltonian of two oscillators AB 
and BC with kinetic coupling:

2m,

Pl2 

2 mr,

1
-  Pi 1 Pl2 +  ^AB (r l l)m

+ ^BC (rl2)’ (1)

mAB> mcB being reduced masses. To simplify the model 
further, we consider the symmetric, or ABA, case with 

Ktaken as a Morse potential: V(r)=D( 1 — e~a(r~Rc))2. 

The parameters a, D, and mAB can be used to introduce 

dimensionless variables rv r2 in the problem.
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In this picture, the motion of a point particle repre­

senting the state of our system is not a pure potential 

motion. In order to restore that, we change from ki­

netic to potential coupling by introducing oblique co­

ordinates. In the ABA case this can be done by intro­

ducing the angle </> (between 0 and n/2) through the 

relation cos </> = 1/(1+mB/mA). Then the oblique co­

ordinates are defined by g1 = r1 + r2cos0 and 

q2 = r2 sin0, and the formulas for the new momenta 
p l and p2 follow easily. In these variables, the (dimen­

sionless) Hamiltonian now takes the form

J f  =  (pl + p\) + i [ l _ e-<«i-«2COt0-re)j2

_  ^-(92/sin^-re)-|2
V- (2)

The overall topology in phase space is determined by 

two scaled parameters only: the mass ratio mB/mA, 

through the angle </>, and the quantity E = E/D, where 

E  is the total energy of the system. The motion is 

bounded for E < 1 and can be chaotic at not too small 

energies. The interesting region is 1<E <2  when the 

motion of one atom can become unbounded. As can 

be seen from (2), the potential surface is mirror sym­

metric with respect to the line q2 = ql tan (<j>/2) and has 

two channels, parallel to the ql axis and the line 

q2 = q i tan <f), that correspond to the two different out­

comes of the collision. In the following, we fix the 

value of (p by choosing a mass ratio mB/mA = 2.

II. Chaotic Scattering in the Model

For E > 1, two periodic orbits appear sitting at the 

ends of the channels characterized by the independent 

oscillatory behaviour of an AB pair and the asymptot-
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Fig. 2. (a) The discrete time delay function for E = 1.4. (b) Blowup of the left 
block of singularities. The a-h under the graphs identify the valleys repre­
sented by the corresponding typical trajectories in Fig. 3 (a)-(h), respectively.

Fig. 3. Scattering trajectories representing various valleys of the time delay 
function in Fig. 2. All the windows show q t horizontally and q2 vertically in the 
ranges \ < q l < S  and 0.5 < q 2 \< 6; the dashed lines represent the edge of the 
constant energy surface at £  = 1.4. The trajectories come in from the right 
along the horizontal channel and are characterized by the number of loops n 
performed in the central region. From those shown here (a) and (b) correspond 
to n = 1, (c) and (d) to n = 2, (e)-(g) to n — 3, and (h) to n = 4.
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ically free translation of a single A atom. These in­

finitely distant orbits imply the possibly of scattering 

orbits starting from an asymptotic free motion of an A 

atom toward the oscillating AB molecule (incoming 

part) and ending in a single A atom running away 

from the remaining AB pair to infinity (outgoing part). 

The asymptotic parts are connected via an irregular 
behaviour around the center of the potential. The 

scattering orbits thus show a chaotic behaviour on a 

finite time scale (transient chaos), leading to chaotic 

scattering [1], characterized by the extreme sensitivity 

of the outcome of scattering on the initial conditions.

Most of the unstable bounded orbits that exist be­

low E = 1 remain bounded for E > 1 too and form a 

non-attractive chaotic set [2] in phase space. The sta­

ble manifolds of these orbits extend smoothly to infin­

ity making possible for scattering trajectories to get 

close to and following them for a while. It is exactly 

this property that causes the chaotic features in the 

scattering. These features are also manifested in the 

irregular behaviour of the time delay function measur­

ing scattering time as a function of the initial condi­

tion [2, 3]. Figure 2 shows, how the number of cross­

ings of a trajectory with the symmetry axis of the 

potential - a discretized time delay - varies as a func­

tion of the initial phase of the oscillator (the trajecto­

ries are started at the end of the horizontal channel 

with a fixed incoming translational momentum). It 

possesses singularities arranged in a fractal pattern. 

The singularities of the time delay function corre­

spond to initial conditions that sit on the stable man­

ifolds of the chaotic set. Therefore, the pattern of the 

singularities reflects the fractal structure of the chaotic 

set itself. Thus the analysis of the singularity structure 

in the time delay function allows us to obtain impor­

tant quantities characterizing the chaotic set.

III. A Hierarchic Analysis

The time delay function contains smooth parts (val­

leys), corresponding to simple scattering trajectories, 

separated by irregular regions that show, in a blow­

up, many smaller valleys. The topological properties 

of the scattering orbits are the same inside a valley but 

change when looking into another valley; moreover, 

in general, the narrower valleys contain more complex 

orbits (Figure 3). This suggest a hierarchic approach

[4]: we identify basic blocks in the time delay function 

by deleting the valleys of the simplest orbits, then

initial phase

Fig. 4. The first 3 levels of the hierarchy found in Figure 2. 
The intervals at level n correspond to initial conditions that 
lead to trajectories performing at least n loops before their 
final exit loops. Each interval splits into three parts one level 
higher in accordance with the ternary hierarchy (the splitting 
of the smallest intervals at level 2 is invisible at this printing 
resolution). The lengths of these intervals are used in the 
thermodynamic analysis as the basis of a quantitative de­
scription.

refine these blocks one by one by locating and remov­

ing the valleys of the simplest orbits inside the new 

blocks. This procedure can be repeated infinitely 

many times due to the fractal structure and provides 

us with a hierarchy of smaller and smaller blocks cov­

ering the irregular part of the time delay function.

Figure 4 shows the first few levels of the hierarchy 

found for Fig. 2: the blocks of level n contain orbits 

performing at least n loops before their exit loop in the 

central region of the potential. This reveals a ternary 

organization: escaping trajectories inside a block can 

leave along one of the two channels, thus leaving three 

new smaller blocks of orbits that continue their wan­

dering around the center. The details of the hierarchy 

depend on the energy and the mass ratio but are ex­

pected not to change in large domains of the parame­

ter pace. For example, the same ternary structure ap­

pears for E = 1.2 and 1.4. The ternary organization is 

the consequence of the topology of the potential sur­

face, therefore it is expected to show up for other 

models with similar topological properties.

IV. Scaling Properties

The hierarchic data provided by the analysis of the 

time delay function can be used to extract important 

quantities characterizing the chaotic scattering pro­

cess and the self-similar properties of its chaotic set [3]. 

A quantity of central interest is the free energy F (ß) 

introduced in the spirit of the thermodynamic formal-
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^{l\n))p~e-ßF(ß)n, (3)
i

where ß is an arbitrary real number and n> 1. //n) 

denote the lengths of parameter intervals Ijn) along the 

initial condition axis that cover the blocks sitting in 

the nth level of the hierarchy. The graph ßF(ß) vs. ß 

is monotonically increasing with a nonpositive second 

derivative.

Several values of ßF(ß) yield basic characteristics of 

the scattering process. The escape rate x describes the 

exponential decay of the probability Pn for a scattering 

trajectory to survive through n loops in the scattering 

center: Pn ~ e~ *" (for large n) which is proportional to 

the sum of the lengths of all intervals at the n-th level, 

thus x = F ( 1). The topological entropy K 0 is defined 

as the quantity characterizing the exponential growth 

of the number N (n) of intervals IfH) with the level 

index n. Therefore we obtain it as K 0 =  — (ß F (ß)) \p=0. 

It also appears as the exponential growth rate of the 

number of smooth pieces (valleys) in the time delay 

function. The average Lyapunov exponent 1 of the 

dynamics on the chaotic invariant set and the fractal 

dimension D0 of the singularities in the time delay 

function can be calculated as 1 =  (ßF(ß))'\p=1 and 

F(D 0) = 0. For E = 1.2 and 1.4, we obtained through 

this procedure the results listed in Table 1.

The value of K0 reflects the ternary hierarchy, while 

the other quantities give a measure of chaoticity in the 

scattering process. In addition, 1/x multiplied by the 

average time taken for a loop can be regarded as an 

estimate of the lifetime of the intermediate ABA com­

plex in the reaction. Other relevant average quantities

ism of dynamical systems [5] via the relation Table 1. Global quantitative characteristics of chaotic scat­
tering in the double Morse potential. Values given below are 
extracted from free energy ßF(ß). Uncertainties are of the 
order of 10%.

Quantity Value for 
£  = 1.2

Value for 
£  = 1.4

K0 ln 3 ln 3

D0 0.85 0.77
I 0.83 0.88
X 0.12 0.22

can also be calculated by similar hierarchic ap­

proaches. This analysis is not restricted to the double 

Morse potential: it is expected to work for a large 

number of other classical model potentials used in 

chemical reactivity studies.
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